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Abstract. Following the program started in [24], we attempt to remove the analyti- 
\ city assumption in the the well known Hawking-Carter-Robinson uniqueness result for 

^ regular stationary vacuum black holes. Unlike [24], which was based on a tensorial 

characterization of the Kerr solutions, due to Mars [29], we rely here on Hawking's 
■ original strategy, which is to reduce the case of general stationary space-times to that 

of stationary and axi-symmetric spacetimes for which the Carter-Robinson uniqueness 
result holds. In this reduction Hawking had to appeal to analyticity. Using a variant of 

i 1 the geometric Carleman estimates developed in [24] , in this paper we show how to bypass 

^ ! analyticity in the case when the stationary vacuum space-time is a small perturbation of 

I | a given Kerr solution. Our perturbation assumption is expressed as a uniform smallness 

^jy condition on the Mars-Simon tensor. The starting point of our proof is the new local 

| rigidity theorem established in [2] . 
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1. Introduction 

It is widely expected^ that the domains of outer communication of regular, stationary, 
four dimensional, vacuum black hole solutions are isometrically diffeomorphic to those of 
the Kerr black holes. Due to gravitational radiation, general, asymptotically flat, dynamic, 
solutions of the Einstein-vacuum equations ought to settle down, asymptotically, into a 
stationary regime. Thus the conjecture, if true, would characterize all possible asymptotic 
states of the general vacuum evolution. A similar scenario is supposed to hold true in the 
presence of matter. 

So far the conjecture is known to be true3 if, besides reasonable geometric and physical 
conditions, one assumes that the space-time metric in the domain of outer communication 
is real analytic. This last assumption is particularly restrictive, since there is no reason 
whatsoever that general stationary solutions of the Einstein field equations are analytic in 
the ergoregion, i.e. the region where the stationary Killing vector-field becomes space-like. 
Hawking's proof starts with the observation that the event horizon of a general stationary 
metric is non-expanding and the stationary Killing field must be tangent to it. Specializing 
to the future event horizon 7i + , Hawking [21] (see also [26J) proved the existence of a non- 
vanishing vector- field K tangent to the null generators of 7i + and Killing to any order 
along 7i + . Under the assumption of real analyticity of the space-time metric one can 
prove, by a Cauchy-Kowalewski type argument (see [21 J and the rigorous argument in 
[T3]). that the Hawking Killing vector-field K can be extended to a neighborhood of the 
entire domain of outer communication. Thus, it follows, that the spacetime (M, g) is 
not just stationary but also axi-symmetric. To derive uniqueness, we then appeal to the 
theorem of Carter and Robinson which shows that the exterior region of a non-degenerate, 
stationary, axi-symmetric, connected, connected vacuum black hole must be isometrically 
diffeomorphic to a Kerr exterior of mass M and angular momentum a < M. The proof 
of this result originally obtained by Carter [7J and Robinson [32J, has been strengthened 
and extended by many authors, notably Mazur [3T], Bunting [5], Weinstein [31]; the most 
recent and complete account, which fills in various gaps in the previous literature is the 
recent paper of Chrusciel and Costa [17] . see also [18]. A clear and complete exposition 
of the ideas that come into the proof can be found in Heusler's book, [22]. We remark 
the Carter Robinson theorem does not require analyticity. 

1 See reviews by B. Carter [5] and P. Chusciel [T^] for a history and review of the current status of the 
conjecture. 

2 By combining results of Hawking [21 , Carter [7], and Robinson [32] , see also the recent work of 
Chrusciel-Costa [T7] . 
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In [23] a different strategy was followed based on the tensorial characterization of the 
Kerr spaces, due to Mars [29] and Simon [331, anc ^ a new analytic framework based 
on Carleman estimates. Uniqueness of Kerr was proved for a general class of regular 
stationary vacuum space-times which verify a complex scalar identity along the bifurcation 
sphere of the horizon. Unfortunately, to eliminate this local assumption, one needs a global 
argument which has alluded us so far. 

In this paper we return to Hawking's original strategy and show how to extend his 
Killing vector-field, and thus axial symmetry, from the horizon to the entire domain 
of outer communication without appealing to analyticity. As noted above, once once 
has extended axial symmetry to the entire exterior region, the Carter-Robinson theorem 
implies that (M, g) must be isometric to a Kerr solution. Our argument, which relies 
on the Carleman estimates developed in [23] and [25], and their extensions in [1] and [2], 
require a smallness assumption which is expressed, geometrically, by assuming that the 
Mars-Simon tensor of our stationary metric is uniformly bounded by a sufficiently small 
constant. Our main result is therefore perturbative; we show that any regular stationary 
vacuum solution which is sufficiently close to a Kerr solution JC(a, m), < a < m must 
in fact coincide with it. 

The first step of our approach has already been presented by us in [2]. There we show, 
under very general assumptions, how to construct the Hawking Killing vector-field in a 
neighborhood of a non-expanding, smooth, bifurcate horizon. The main idea, which also 
plays an essential role in this paper, is to turn the problem of extension into one of unique 
continuation, relying on Carleman estimates for systems of wave equations coupled to 
ordinary differential equations, see the introduction in [2] for an informal discussion. 

To further extend these vector-fields to the entire domain of outer communication we 
make use of the foliation given by the level hypersurfaces of the function y, the real part 
of (1 — a) -1 where a is the complex Ernst potential associated to the stationary vector- 
field T, see subsection 12.31 The Carleman estimates on which our extension argument is 
based, depend on a crucial T -conditional pseudo-convexity property for the function y (see 
Lemma H~31 which was previously shown to hold true (see [24J and [2S]) if the Mars-Simon 
tensor SS vanishes identically. Here we show that the the same property holds true if our 
space-time verifies our small perturbation assumption, i.e. SS sufficiently small. Thus, 
the main ideas of the paper are 



(1) A robust argument by which the problem of extension of Killing vector- fields 
is turned into a uniqueness problem for an ill-posed system of covariant wave 
equations coupled to ODE's. 

(2) A local extension argument of Hawking's Killing vector-field in a neighborhood of 
the bifurcate horizon. This step, which was accomplished in [2], is unconditional, 
i.e. it does not require the smallness assumption for SS. 
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(3) An extension of the global argument of [21], by which the Hawking vector- field 
constructed in p| in a neighborhood of the bifurcate horizon can be globally ex- 
tended. This step, which rests on the T-conditional pseudo-convexity property, 
requires our global smallness assumption for the Mars-Simon tensor SS. 

In the subsection below we give precise assumptions and the statement of our main result. 

1.1. Precise assumptions and the main theorem. We assume that (M, g) is a 
smooth! vacuum Einstein spacetime of dimension 3 + 1 and T G T(M) is a smooth 
Killing vector-field on M. We also assume that we are given an embedded partial Cauchy 
surface E°CM and a diffeomorphism $ : -^1/2 ~~ ► where E r = {x G M 3 : \x\ > r}. 

We group our main assumptions @ in three categories. The first one combines a standard 
asymptotic flatness assumption with a global assumption concerning the orbits of T. The 
asymptotic flatness assumption, in particular, defines the asymptotic region 

M (end) and 

the domain of outer communication (exterior region) E = J-(M( end ))nJ + (M( end )), where 
X - (M^™^) , 1 + (M( end )) denote the past and respectively future sets of M.( end \ Our second 
assumption concerns the smoothness of the two achronal boundaries 5(I~ (M^ en ^)) in a 
small neig hborhood of their intersection S = 5(1~(M^)) n <5(T+(M( ena! ))). Our third 
assumption asserts that E is a small perturbation a fixed Kerr metric, in a suitable sense. 
We give an invariant form to this assumption by making use of the Mars-Simon tensor 
SS whose vanishing characterizes Kerr spacetimes, see [29] . 

GR. (Global regularity assumption) We assume that the restriction of the diffeo- 
morphism $ t° Er , for R sufficiently large, extends to a diffeomorphism $ : R x 
E Ro -> M^ end \ where M( end ) (asymptotic region) is an open subset of M. In local co- 
ordinates {x°, x 1 } defined by this diffeomorphism, we assume that T = do and, with 
r = a/ (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 , that the components of the spacetime metric verify^, 

2M 2S^x k 
goo = -l + — + 6 (r" 2 ), = 5 ij + 6 {r- 1 ), g 0i = -e ijk —^- + 6 (r~ 3 ), (1.1) 

for some M > 0, S 1 , S 2 , S 3 G M (see |3]) such that, 

J = [(S 1 ) 2 + (S 2 ) 2 + (S 3 ) 2 } 1/2 G [0, M 2 ). (1.2) 

Let 

E = i-(M {end) ) n J + (M (end) ). 
We assume that E is globally hyperbolic and 

s° n J-(M (erid) ) = s° n J + (M (end) ) = $ (£i). (1.3) 

is a connected, oriented, time oriented, paracompact C°° manifold without boundary. 

4 Many of these assumptions can be justified as consequences of more primitive assumptions, see [5], 
[1], [H], [E], [IS], [H], [20], [33]. For the sake of simplicity, we do not attempt to work here under the 
most general regularity assumptions. See the recent paper |17j for a careful discussion. 

5 We denote by Ok(r a ) any smooth function in M( eTld ) which verifies \d l f\ = 0(r a ~ l ) for any < i < k 

with = E I0+I1+!2+l3=I I 
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We assume that T does not vanish at any point of E and that every orbit of T in E is 
complete and intersects the hypersurface E°. 

SBS. (Smooth bifurcation sphere assumption) It follows from (11.31) that 

<5(J-(M (end) )) n S° = 5{l + {M {end) )) n s° = s , 

where Sq = §o({x G 1R 3 : \x\ = 1}) is an imbedded 2-sphere (called the bifurcation 
sphere). We assume that there is a neighborhood O of So in M such that the sets 

W + = On 5(l-(M {end) )) and H~ = O n <5(Z+(M (end) )) 

are smooth imbedded hypersurfaces. We assume that these hypersurfaces are null, non- 
expanding^l, and intersect transversally in So. Finally, we assume that the vector-field T 
is tangent to both hypersurfaces 7i + and H~, and does not vanish identically on So- 

PK. (Perturbation of Kerr assumption). Let a denote the Ernst potential and SS the 
Mars-Simon tensor, defined in an open neighborhood of E° fl E in M (see section [2] for 
precise definitions). We assume that 

\(l-a)SS(T,T a ,Tp,T 7 )\ <e on S° fl E, (1.4) 

for some sufficiently small constant e (depending only on the constant A defined in section 
[2]), where T is the future-directed unit vector orthogonal to S° and T ,Ti,T 2 ,T 3 is an 
orthonormal basis along E°. 

Main Theorem. Under the assumptions GR ; SBS ; and PK the domain of outer com- 
munication EofNlis isometric to the domain of outer communication of the Kerr space- 
time with mass M and angular momentum J. 

In other words, a stationary vacuum black hole, which satisfies suitable regularity as- 
sumptions and is sufficiently "close" to a Kerr solution, has to be isometric to that Kerr 
solution. This can be interpreted as a strong extension of Carter's original theorem, see 
[7], [8], on stationary and axi-symmetric perturbations of the Kerr spaces, in which we 
remove the axi-symmetry assumption and give a geometric, coordinate independent, per- 
turbation condition. We provide below a more detailed outline of the proof of the Main 
Theorem. 

In section [2] we define a system of local coordinates along our reference space-like 
hypersurface S°, and define our main constant A. The small constant e in (11.41) is to 
be taken sufficiently small, depending only on A. We review also the construction of two 
optical functions u and win a neighborhood of the bifurcation sphere So, adapted to the 
null hypersurfaces 7i + and T~t~ , and recall the definition of the complex Ernst potential a 
and the Mars-Simon tensor SS. Finally, we record some asymptotic formulas, which are 
proved in the appendix. 



6 A null hypersurface is said to be non-expanding if the trace of its null second fundamental form 
vanishes identically. 
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In section [3] we develop the main consequences of our smallness assumption ( 11. 4p . All 
of our results in this section are summarized in Proposition I3.4( we prove a lower bound 
on |1 — <j\ along Ei, as well as several approximate identities in a small neighborhood of 
Si which are used in the rest of the paper. 

In section [4] we derive several properties of the function y needed in the continuation 
argument in section [51 We prove first that y is almost constant on So, as in Lemma [4.11 
and increases in a controlled way in a neighborhood of So in Si. Then we prove that the 
level sets of the function y away from So are regular, in a suitable sense. Finally, we prove 
that the function y satisfies the T-conditional pseudo-convexity property, away from So, 
see Lemma [4.31 

In section 0, which is the heart of the paper, we construct the Hawking Killing vector- 
field K in the domain of outer communication E. The starting point is the existence 
of K in a neighborhood of So, which was proved in [2]. We extend K to larger and 
larger regions, as measured by the function y, as the solution of an ordinary differential 
equation, see Lemma [5.31 We then prove that the resulting vector- field K is Killing (and 
satisfies several other bootstrap conditions) as a consequence of a uniqueness property of 
stationary vacuum solutions, see Proposition 15.41 The proof of this last proposition relies 
on Carleman estimates and the properties of the function y proved in section |H 

In section we construct a global, rotational Killing vector-field Z which commutes 
with T, as a linear combination of the vector-fields T and K. We also give a simple proof, 
specialized to our setting, that the span of the two Killing fields T, Z is time-like in E. 



2. Preliminaries 

2.1. A system of coordinates along S°. Let 81,82,03 denote the vectors tangent to 
S°, induced by the diffeomorphism $ - Let S r = § (E r ), where, as before, E r = {x G M 3 : 
\x\ > r}. In particular, for our original spacelike hypersurface, we have S° = Si/ 2 . Using 
( II. ip and the assumption that S° is spacelike, it follows that there are large constants 
Ai and R\ > Ro, such that R\ > A\, with the following properties: on S3/4, for any 
X = (X 1 , X 2 , X 3 ), 

3 3 
Ar X |X| 2 < J2 X a X^ p < A X \X\ 2 and ^ |g(9 a , T)| + |g(T , T)| < A v (2.1) 

a,/3=l a=l 

In $o(IR x Er±), which we continue to denote by ]VT en % T = do and (see notation in 
footnote [5]), 



r m+1 Yl \ dm ^ k ~ + E rm+2 \ dm (Soo + 1 - 2M/r)\ 

m=0 j,k=l m=0 



3 



(2.2) 



r m+3 + 2e^SVr~ 3 )| < A v 



m=0 i=l 
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We construct a system of coordinates in a small neighborhood M of S° fl E, which 
extends both the coordinate system of M^ e?1 ^ in (12.21) and that of S°. We do that with 
the help of a smooth vector-field T' which interpolates between T and To. More precisely 
we construct T' in a neighborhood of £3/4 such that T' = T in $o(R x E 2 rA an d T' = 
T](r / Ri)T +(l—T](r / Ri))T on £3/4, where 77 : K — > [0, 1] is a smooth function supported in 
(—00, 2] and equal to 1 in (— 00, 1]. Using now the flow induced by T' we extend the original 
diffeomorphism <£> : -^1/2 ~~ ^ £° ; to cover a full neighborhood of Ex- Thus there exists 
Eq > sufficiently small and a diffeomorphism $! : (— e ,e ) x i?i_ eo — ► M, which agrees 
with $ on {0} x i?i_ £o U (—£0, £0) x ^2i?i and such that do = d x o = T'. By setting Eq small 
enough, we may assume that £o := $i((— £0, £0) x {x G R 3 : |x| G (1 — £q, 1 + £0)}) Q 0, 
where is the open set defined in the assumption SBS. By construction, using also (12.21) 
and letting e sufficiently small depending on R 1 , 

3 

5^|goil + |goo + l| <A 1 /(R l + r) inM. (2.3) 
With g Q/3 = g(<9 a , dp) and T = T a d a , let 

6 3 3 

A * = su £ E [ E \d m ga,(p)\ + J2\ dmTa (p)\]- ( 2 - 4 ) 

p€M m= o a ,/3=0 a=0 

Finally, we fix 

A = max(i?i, A 2 , Eq 1 , (M 2 - J)^ 1 ). (2.5) 
The constant A is our main effective constant. The constant e in ( 11.41) will be fixed 
sufficiently small, depending only on A. To summarize, we defined a neighborhood M of 
E° n E and a diffeomorphism $! : (— e ,£o) x ^i-e — *■ £ > 0, such that the bounds 
(J2TTJ, (!2T2|) . (|2T3|) . (T2T4|) hold (in coordinates induced by the diffeomorphism $1). 

2.2. Optical functions in a neighborhood of Sq. We define two optical functions 
u, u in a neighborhood of So- We fix a smooth future-directed null pair (L, L) along ^o, 
satisfying 

g(L,L) = g(L,L) = 0, g(L,L) = -l, (2.6) 

such that L is tangent to 7i + and L is tangent to 7i~. In a small neighborhood of Sq, 
we extend L (resp. L) along the null geodesic generators of 7i + (resp. 7i~) by parallel 
transport, i.e. D^L = (resp. D^L = 0). We define the function u (resp. u) along 
7i + (resp. Ti~) by setting u = u = on Sq and solving L(u) = 1 (resp. L(u) = 1). 
Let Su (resp. S_ u ) be the level surfaces of u (resp. u) along Ti + (resp. 7^ _ ). We define 
L at every point of 7i + (resp. L at every point of Ti~) as the unique, future directed 
null vector-field orthogonal to the surface Su (resp. S_ u ) passing through that point and 
such that g(L, L) = —1. We now define the null hypersurface Ti~ to be the congruence 
of null geodesies initiating on Su C 7i + in the direction of L. Similarly we define Tt^ to 
be the congruence of null geodesies initiating on S_ u C in the direction of L. Both 
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congruences are well denned in a sufficiently small neighborhood of So in 0. The null 
hypersurfaces H~ (resp. are the level sets of a function u (resp u) vanishing on TL~ 
(resp. 7i + ). By construction 

L = -grdnud v , L = -%^d,ud u . (2.7) 

In particular, the functions u, u are both null optical functions, i.e. 

gTd^u = g(L, L) = and g^d^u = g( L, L) = 0. (2.8) 

To summarize, there is Co = cq(A) G (0, £o] sufficiently small and smooth optical func- 
tions u,u : Co — > R, where Co = $i((— c ,c ) x {x G IR 3 : \x\ G (1 — c , 1 + Co)}). In 
local coordinates induced by the diffeomorphism $ a we have^ 

4 

sup J2(\ dju ( x )\ + 1^0*01) < <5 = ^(^)- (2-9) 

In addition, 

^ + n CO = {p G CO : w(p) = 0}, H- n CO = {p G CO : «(p) = 0}. (2.10) 
In Co we define 

n = g^^ = g (L, l). 

By construction Q = — 1 on (7i + U7Y~)n0 Co (we remark, however, that ft is not necessarily 
equal to —1 in CO ). By taking Co small enough, we may assume that 

ft G [-3/2, -1/2] in0 co . (2.11) 

Finally, by construction, we may assume that the functions \u\, \u\ are proportional to 
|1 — r\ on the spacelike hypersurface S° fl Co , i.e. 

|u/(l-r)|,|«/(l-r)| G [C-\C] onS°n0 co , (2.12) 

where, as in ( 12. 9ft . C is a constant that depends only on A. 

2.3. Definitions and asymptotic formulas. We recall now the definitions of the Ernst 
potential a and the Mars-Simon tensor SS (see [24"t Section 4] for a longer discussion and 
proofs of all of the identities). In M we define the 2- form, 

F a /3 = 

and the complex valued 2-form, 

Faf> = F aP + i *F a(3 = F aP + (i/2)e a ^F^. (2.13) 
Let T 2 = T a pT a ^ . We define also the Ernst 1-form 

^ = 1T a T ail = D (U ( T a T Q ) - i e^s T^T 5 . (2.14) 

7 Recall the notation = Y^j +j 1 +j 2 +j 3 =j l^o ^ 1 ^ 2 ^ 3 /!) where 80,81,82,83 are the derivatives 

induced by the diffeomorphism $x- This notation will be used throughout the paper. 
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It is easy to check that, in M 

D M ov - = 0; 



D"<7„ = -T 2 ; (2.15) 
a^ = g(T,T)^ 2 . 

Since D^ov = D u <7^ and the sets M = $i((— £o> £o) x ^i-e ) an d E are simply connected, 
we can define the Ernst potential a : M U E — > C such that = D^cr, 3?cr = — T Q T Q , 
and a — > 1 at infinity along S°. 

We define the complex-valued self-dual Weyl tensor 

TZ-ufiiiv = RaP^v + (V^J^Ati/ Rafipa = Raf3^iu + i Raj3^v (2-16) 

We define the tensor J G T^(M), 

= (ga M g/^ _ gavg/^ + * ^a^v)/^- (2.17) 

Let M' = {pGM:a(p)^lj|. We define the tensor-field Q G T°(M'), 

Qq^j/ = (1 — o) l {T a pFiiv — -F 2 1ai3nv) ■ (2.18) 
It is easy to see that the tensor-field Q is a self-dual Weyl field, i.e. 

QaPixv = Qf3ct[iu = Qaf3v/j, = Qpi/a/3] 
Qaf3pu + Qafj.u/3 + Qavf3p = 0; 

g^Qofcu, = o, 

and 

Qaf3fiu = ^ ^livpo Qaff = ( i)Qaf3fiv 

We define now the self-dual Weyl field S'S', called the Mars-Simon tensor, 

SS = ft + 6Q. (2.19) 

We observe that (1 — a) § is a smooth tensor on M. Using the Ricci identity 

D^JF^ = T^TZ u ^ al 3, (2.20) 

and proceeding as in [24], formula 4.33], we deduce that, in M', 

D p [^ 2 (l - a)- 4 ] = 2(1 - a)- A T v SS VfnS ri 5 . (2.21) 

This identity will play a key role in the analysis in section [3j Finally, we define the 
functions y, z : M' — > R 

y + iz = (1 — cr) _1 . 



^Using the assumption PK, we will prove in section [3] that Si C M'. 
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Simple asymptotic computations using the formula (\2.2L see Appendix [A] show that, 
for R sufficiently large depending only on A, 

F a p = 0(r- 2 ), SS al3y5 = 0(r- 3 ), a, ft j, 5 = 0, . . . , 3. (2.22) 

More precisely, 

I- a = 2Mr~ 1 + 0(r~ 2 ), T 2 = -AM 2 r- A + 0(r~ 5 ) (2.23) 
in $x((— e ,£ ) x E R ). In particular, $ x ((— e ,e ) x E R ) C M' and 

-4M 2 ^ 2 (l-a)~ 4 = l + 0(r- 1 ) in $i((-£„,eo) x (2.24) 

In addition 

r Q 1 ^ 1 -I- <? 2 t 2 -I- 3 

y= — + 0(1), 2 = = + OH (2.25) 

y 2M v ; ' 2M 2 r K J K J 

in $i((-e ,£o) x Finally, 

z 2 + 4M 2 (y 2 + z 2 )B^z = ^ + Oir- 1 ) in $i((-e , £0) X (2.26) 
All these asymptotic identities are proved in Appendix |A] and will be used in section [3j 

3. Analysis on the hypersurface S x 

In this section we use assumption PK to prove several approximate identities on the 
hypersurface S x = S° fl E = $o(-Ei). The general idea is to prove approximate identities 
such as (I2.24p and (I2.26P first in the asymptotic region, using the asymptotic flatness 
assumption (12 .2p . and then extend them to the entire hypersurface Si using the fact that 
the Mars-Simon tensor is assumed to be small. We will prove also that 1 — a does not 
vanish in Si. All of our results in this section are summarized in Proposition 13 .41 

We will use the notation in section [2J We fix first a large constant R which depends 
only on our main constant A (see (12.51) ). We fix r the smallest number in [1, R — 1] with 
the property that 

2 

|1 — a\ > R on S ro \ S-^, (3.1) 

where, as before, S r = $ Q (E r ), E r = {x e R 3 : \x\ > r}. Such an r exists if R is 
sufficiently large, in view of (I2.23P and the continuity of 1 — a. We will prove, among 
other things, that r = 1. In this section we let C denote various constants in [1, 00) that 
may depend only on R (thus on A once R is fixed sufficiently large depending on A). The 
value of e in (jl .41) is assumed to be sufficiently small depending on the constants C. To 
summarize, log(A) <C log(-R) <C log(C) <C log(£ _1 ). 

We will work in the region 3>i[(— e, e) x E ro ]. Since |<9o(l — cr) | < C, it follows from 
fl3~U) and (T22SD that 

|l-o-| _1 <Cr in $![(-£, e) x E ro \. (3.2) 
Using the assumption fl 1.4ft and the asymptotic identities ( 12. 22ft . we have 

|(1 - a)T v SS u/n s\ < Cmin^r" 4 ) in $i[(-£,£) x E ro ], (3.3) 
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in the coordinate frame do, di, 82, 0%. Using ( 12.211) . ( 12. 22ft and the last two inequalities, it 
follows that 

\d p (F\l - a)' 4 )! < 5r 3 min(e,r- 4 ) in x E ro }. (3.4) 

We prove now that 

|1 + 4M 2 F 2 (1 -a)- 4 | < Cmm{r'\e l/b ) in $i[(-e,e) X E ro \. (3.5) 

Indeed, let H = 1 + 4M 2 J^ 2 (1 - ex)" 4 . Using (l2T2^j) and (JS3D, 

4 

|ff I < CV" 1 and ^ |d p ff| < Cr 3 mm(e, r" 4 ) in $i[(-e,e) x £ ro ]. (3.6) 

The bound (13. 5p follows from the first inequality in (13.61) at points p for which r (p) > e^ 1 ^ 5 . 
To prove (13. 5p at points p with r(p) < e^ 1 ^ 5 we fix a point p' G $i[(— e, e) x £7 ro ] with 
r(p') = e _1//5 . We integrate along a line joining the points p and p' and use the second 
inequality in (13.61) . The result is \H(p) — H(p')\ < Ce~^ 5 e, which gives (13. 5p since 
\H(p') \ < Crip')- 1 = C£' x l h . 

It follows from (13.41) and (13. 5p that there is a smooth function G\ : $i[(— £, s) x E ro ] — > C 
with the properties 

3 

-4M 2 J^ 2 = (1 - o-) 4 (l + d) 2 , [Gxl + ^ldpGxl KCmmir- 1 ,! 1 ' 5 ) (3.7) 

p=0 

on $i[(— £, e) x E ro \. In particular, using also (13. 2p . 

\F 2 \ > (Cr)~ 4 in $i[(-e,e) x E ro ]. (3.8) 
We define the smooth function P — y + iz : $i[(— e, e) x i? ro ] — > C, 

p = y + iz = (1 -a) -1 . (3.9) 
We construct now a special null pair, similar to the principal null pair in [29], Section 4]. 
Lemma 3.1. There exists a future- directed null pair g(Z, Z) = —1, such that 

T aP f = (1 + G 1 )(4MP 2 )- 1 Z a , J^Z" = -(1 + G 1 )(4MP 2 )-%, (3.10) 
in $i[(-e,e) x E ro }. 

Proof of Lemma \3.1\ Let Z a be complex eigenvector T a pZ^ = \Z a with complex eigen- 
value A. Using the relation T a a^Fp a = (l/4)g Q /3^ r2 (see [2U formula 4.2]) we derive, 

A 2 = --T 2 = — ^(1 - a)\l + d) 2 . 
4 16M 2V ; v ; 

Thus, A = ±(4MP 2 ) _1 (1 + G\). The reality of the corresponding eigenvectors I, I is a 
consequence of the self duality of T . They must both be null in view of the antisymmetry 
of JF and can be normalized apropriately. □ 
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Let e(3) = I, e(4) = I. We fix vector-fields em, er 2 ) in $i[(— e, e) x P ro ] such that together 
with e( 3 ) = I, eu) = I they form a positively oriented null frame, i.e., 

S(l, e(i)) = g(i, e (2 )) = g(i, em) = g(Z, e (2) ) = g(e ( i), e {2) ) = 0, 
g( e (i)> em) = g(e (2) , e (2) ) =e (1)(2){3)(4) = 1. 

In view of (13. 8p . the vector-fields e^) = e^d a , [A — 1, 2, 3, 4 can be chosen such that 

4 3 

EXX)I <C in $![(-£.£) x P n J. (3.12) 

According to ( 13.101) . ( 13 .111) and the self duality of J 7 , the components of T are, 

J^( 4 )(i) = ^(4)(2) = -^(3)(i) = -^(3)(2) = and .F(4)(3) = ^(2)(i) = (1 + Gi)/(4MP 2 ). (3.13) 
This is equivalent to the identity, 

^ = ( - Idfi + hL ~ * Zap,., IT) ■ (3-14) 

By contracting (13.141) with 2T a and using 2T Q jF a/3 = erg = D^a we derive 

D/*(l/ + w) = [ - + {T a l_ a )l p - i e a ^ u TW] ■ 

In particular, if G\ = 3?Gi + i^Gi, we have 



(3.15) 



2M ~ 2M 

It follows from fl3TT5l) and (O) that 

|D (1) y| + |D (2)3 /| + |D (3) z| + |D (4) z| < Cmin(r-\ e 1 / 5 ) in $i[(-e,e) x £ ro ]. (3.16) 
A direct computation using the definition of P and (I2.15P shows that 

D PD«P - D ^ DV - ( 1 + ^) 2T " T - ( 3 17) 

YJ a FU t>- (1 _^ )4 - ^ . (3.10 

Since — T°T a = sRtr = 1 - y/(y 2 + z 2 ) we have 

(1 + ^)2.(^)2 y 



D a yD-* = fi±^^fl " 



y 2 + 2 Z 



4M 2 V + 2 2 



(3.18) 
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3.1. A lemma of Mars. The following lemma is an adaptation to our situation of an 
important calculation which first appears in [29J. 

Lemma 3.2. With B = J 2 /(4M 4 ) < 1/4 we have in x E ro ], 



Proof of Lemma \3~M We show that the function H := 4M 2 (y 2 + z 2 )T)pzD^z + z 2 is 
almost constant by computing its derivatives with respect to our null frame (13.111) . In 
the particular case SS = 0, the constancy of H was first proved in [29] using the full 
Newman- Penrose formalism. A similar proof was later given in [23]. Here we give instead 
a straightforward proof based only on the formulas we have derived so far. 
We will prove that 



J2 \ d * H (p)\ < C ^ 1/2 ° if p G $i[(-e,e) x E ro ] and r(p) < e~ 1/40 . (3.20) 



Assuming this, the bound (13.191) follows from the bound \H — B\ < Cr^ 1 in $i[(— e, e) x 
E ro ], see (I2.26p . in the same way the bound (13.51) follows from (13. 4p and (I2.24p . 
We differentiate H and derive, 

B a H = 8M 2 {y 2 + ^TiaPpzJy^z + 8M 2 {yB a y + z'D a z)T> p z'D li 'z + 2zB a z. (3.21) 

To calculate the main term 8M 2 (y 2 +z 2 )~D a D l 3zD 13 z we first calculate the second covariant 
derivatives of P = (y + iz), using the definition of SS and ( 12.201) . 



B a BfsP = 2(1 - cr)- 3 D a o-D /9 (T + (1 - ff) -2 D a D^ 

= 2(1 - a)-*T) a aT)pa + 2(1 - a)- 2 {F a p T pP + T p T u TZ uap p) 
= 2(1 - a)- 3 B a aB^a + 2(1 - a)- 2 F a p F p p 

- 12(1 - a)- 2 TfT v Q vapP + 2(1 - a)- 2 T p T v SS vapP 
= 2(1 - a)- 2 F a ^ p(3 + 2(1 - a)- 2 T^SS uapf3 

- (1 - <T)- 3 <T a a p + (1 - a)- 3 ^ 2 [g a/3 (T"T p ) - T a T^] 
= 2P 2 F a p T pP + p- 1 [(D,PD^P)g^ - D.PD^P] 

+ 2P 2 T p T u SS uap p - P 3 .F 2 T a T>. 



AM 2 (y 2 + z 2 )T)f 3 z'D (3 z + z 2 - B\ < Cmin^" 1 ,^ 



■1/40 



(3.19) 



a=0 



Thus, we have the identity 
D Q D^P = - 



p-^PBpP + p- 1 (D p PD^P)g^ 
2P 2 F a p Fp p - P 3 F 2 T a T p + 2P 2 T p T p SS vapP . 



(3.22) 



Since T(z) = we deduce, 
D^PD^ 



z = 



p-\T) p PT) p P)T) a z - 2P 2 F a p T^z 
p- 1 D a PD«PD^ + 2P 2 T p T u SS uap aB f3 z. 



(3.23) 
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Observe that D a D^D"z = 3 [D^PD^z] . Thus, in view of (13T231 

D^^D^z = 3f[ - 2P 2 F a p T(i p B$z + 2P 2 T P T U 'SS vapP D p z\ 

-^[P-^PU/sPD^z] +%[p-\~D p Pr> p P)~D a z]. { ' :> " [) 

Now, 

(t, 2 + z 2 )3[r 1 D a PD^D^] = B p z^[{y-iz)B a {y + iz)B p {y + iz)\ 

= {yB a y + zB a z)B^zB p z + {yB a z - zB^B^yBpz 

and, 

{y 2 + z 2 )^[p- l B (J PB p PB a z\ = B a z%[[{y-iz)B p {y + iz)B p {y + iz)} 

= 2yB a zB p yB p z - zB a z(B p yB p y - D p zD'z). 

Therefore, back to (I3.24p . 

{y 2 + z 2 )B a B p zB?z = {y 2 + z 2 )%[ - 2P 2 F a p ^ p B' 3 z + 2P 2 T p T v SS vap pB^z\ 

- yB a y B p zB p z + {yB a z + zB a y) B p yB p z - zB a z B p yB p y. 

Going back to (13.211) we derive, 

B a H = 8M 2 {y 2 + z 2 )%[ - 2P 2 F a p T Pp B p z + 2P 2 T p T u SS uapf3 B l3 z} 

+ 8M 2 zB a z{B p zB p z - B p yB p y) + 2zB a z + 8M 2 (yB a z + zB a y) B p yB p z. 

Recall that we are looking to prove f 1 3 . 2 j) at points p with r(p) < e -1 / 40 . In view of 
(13. 2p and (I3.3p . at such points we have 

lQM 2 {y 2 + z 2 )B li zP 2 T p T lJ SS uap p = O x {e), 

where, for simplicity of notation, in this lemma we let 0\ (e) denote any quantity bounded 
by Ce 1 / 20 . According to (13. 7ft and (13.181) we also have, 

< Ce 1 / 5 . 



\B p yB p z\ + 
Thus, using again ( 13.21) . 



2vzB z 

8M 2 zB Q z(B p zB p z-B p yB p y) +2zB a z = 2 , ° 2 +Oi(e)- 

y ~\~ z 

Consequently, 

B Q H = -lQM 2 (y 2 + z 2 )^[P 2 F a p ^ p B^z] + + 0l (e). 

y + z A 

For (13.201) it only remains to check that, 

- 16MV + z 2 )<~s[P 2 F a p T^z\ + = 0l (e). (3.25) 

y + z 
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We prove this in the null frame e^, e( 2 ), e( 3 ), e^, see (13.111) . Recalling (13. 13f) and (13.161) 

we easily see that both terms on the left are bounded by Ce 1 ^ 20 for a = 3,4. For a = 1, 
using (13331) and (l3T7jl . 

-16MV + Z 2 )Q[P 2 F (1) W% (p) D<»z] = -16MV + z 2 )Z[P 2 F {m) F {1){2) D (1) z] 
= -16M V + , 2 )D (1) ^ [P^ 2lM ^] + 0,00- 

The approximate identity (I3.25P follows for a = 1. The proof of (I3.25P for a = 2 is 
similar, which completes the proof of the lemma. □ 

3.2. Conclusions. It follows from (13.181) and Lemma [3.21 that 

D ^ D - 4a4^) +0(?) ' D ^ = 4MV^) +OW <3 ' 26) 
in £,e) x -E ro ], where 0(e) denotes functions on $![(—£,£) x i? ro ] dominated by 

Cmin^- 1 ,^ 1 / 40 ). Using (ETT51) we deduce that JD^yDpy = ^ (T a l a )(T%) + 0(e). 
Hence, 

y 2 -y + B 

2(y 2 + z 2 ) 

We prove now that the value of ro in (13 .ip can be taken to be equal to 1. It view of the 
definition of ro, it suffices to prove the following lemma: 



(TX)(T%) = L. 2 ^ + 0(e) in x E ro }. (3.27) 



Lemma 3.3. Assuming R is chosen sufficiently large, we have 

2 

|1 — a\ > 2R on S ro \ S^. 

Proof of Lemma \3.3[ The conclusion of the lemma is equivalent to 

\P\ < T?/2 on E ro \ E s . (3.28) 

To prove this, we recall that we still have the flexibility to fix R sufficiently large depending 
on A. In view of (I2.23p . for (I3.28j) it suffices to prove that 

\d a P\ < C(A) on S ro , (3.29) 

for a = 1, 2, 3 and some constant C(A) that depends only on A. The bound (13.291) follows 
from (12.221) and (12. 23[) at points p for which r(p) > R(A). Since P = (1 — o") -1 and 
|1 - a\ > |3?(1 - a)\ = |1 + T Q T Q |, the bound (13^291) also follows at points p for which 
r(p) < R(A) and g p (T, T) £ [-3/2, -1/2]. 

It remains to prove the bound ( 13.291) at points p G S ro for which r(p) < R(A) and 
g p (T,T) G [-3/2,-1/2]. Since |l-cr| < C(A) on S 1; we have \y\ + \z\ > 0(A)- 1 on Si. 
It follows from (l3T2"oD that 

\D p zD p z\ + \D p y^y\ < C(A) on E ro . (3.30) 

In addition, T(a) = therefore T a T> a z = T a B a y = 0. Since g p (T, T) G [-3/2, -1/2] it 
follows that T p is timelike, thus the vectors Y a = ~D a y and Z a = Y> a z are spacelike at 
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the point p. The elliptic bounds (12.1 ft show, in fact, that Y%=\ I^qVI 2 < C(A)\Dpy~D l3 y\ 
and E]Li Krf < C(A)\D p zD^z\, so ([S^SD follows from (1X50]) . □ 

We summarize the main conclusions of our analysis so far in the following proposition: 

Proposition 3.4. There is a constant C = C(A) sufficiently large such that 

|1 - cr\ > (Cr)- 1 on Ei_ s , 

provided that e is sufficiently small (depending on A). Therefore the frame e^ a ), ot = 

1.. ...4 ; the Mars-Simon tensor SS, and the functions P,y,z,Gi are well defined in 
$i [(— e,e) x £7i_e]. In addition, the identities and inequalities (13.31) . (13.71) . ( 13. 12ft . ( 13.131) . 

ifii, diinD, diiHD, <^m>, <^m> hou m $i[(-£,s) x ^.j. 

In view of the assumption GR on the orbits of T, it follows that the functions y = 
— o - ) -1 ] and 2; = 3[(1 — o") -1 ] are well defined smooth functions on E. 

4. Properties of the function y 

Our next goal is to understand the behaviour of the function y defined in (13.91) on E^ 
Most of our analysis in the next section depends on having sufficiently good information 
on y, both in a small neighborhood of the bifurcation sphere So and away from this small 
neighborhood^ In this section we use the notation C to denote various constants in 
[1, 00) that may depend only on the main constant A. We assume implicitly that e' 1 is 
sufficiently large compared to all such constants C. 

4.1. Control of y in a neighborhood of Sq. We analyze first the function of y in a 
neighborhood of the bifurcation sphere So- 

Lemma 4.1. On the bifurcation sphere S , 

3 

\ y - (i + VT^4B)/2\ + \9 a y\ < Ce 1 /* . (4.1) 

Moreover, there are constants r\ = ri(A) > 1 and C\ = C\(A) ^> 1 such that 
Cx{r - l) 2 + C{e xlm >y-(l + Vl- 4B)/2 > C^(r - l) 2 - C{e l/m on Ei\E ri . (4.2) 



Proof of Lemma \4-l\ Recall the vector-fields L, L defined in a neighborhood of So in 
section [21 It is easy to prove, see for example [2U Section 5], that 

FapL 13 = TiL, L)L a and T^lP = JF(L, L)L a on S . 

Since the vectors I and / constructed in Lemma [37T1 are the unique solutions of the systems 
of equations [T^ ± fga^V 13 = 0, up to rescaling and relabeling, we may assume that 



9 For comparison y — r/(2M), in the Kerr space of mass M and angular momentum J, in standard 
Boyer-Lindquist coordinates. 
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L = I and L = I on Sq. Thus, we may also assume that em, em are tangent to S . Since 
T is tangent to So, 

L(cr) = L^Ofi = 2L p T a F a(3 = on5 . 
Similarly, L(a) = on Sq. Using also (13.161) . we conclude that 

e(3)(l/) = e (4) (y) = and \e {1) (y)\ + \e (2) (y)\ < Ce l/b on S . (4.3) 

The inequality on the gradient of y in (14.11) follows from (I4.3p . For the remaining 
inequality we use first fl3T26|) . It follows from (TOD that \T> l3 y'D l3 y\ < Ce 2 / 5 on So, thus 

\y 2 - y + B\ < Ce 1/m on S . 

Since B = J 2 /(4M 4 ) e [0, 1/4) (see (O) and (ESI)), it follows that 

|y-(l + Vl-4B)/2| < cV /4 ° on S or |y- (1 - Vl - 4B)/2| < cV /4 ° on S . (4.4) 

To eliminate the second alternative we start by deriving a wave equation for y. Since 
D^D^a = -T 2 , D*VD M (7 = -jF 2 3fo (see fl2TT5D ). and -T 2 = (1 - a) 4 (l + Gi) 2 /(4M 2 ) 
we derive 

D^D^P = (1 - aY 2 T>^T> u a + 2(1 - o")" 3 DVD u (7 



1 + Gl) ^i-^)(i+^) = ^i(i + G 1 ) 2 . 



4M 2 v /v ' AM 2 PP 
Thus, using (13. 7p 

DMD ^ = 4M 2 (^ , 2 ) + ^' l^l<^ 1/5 ' onE i- ( 4 - 5 ) 

We now compare y with a function y' which coincides with y on 7i + and verifies L(y) = 
0. We use the notation in section [2j For E\ = £\{A) e (0,co] sufficiently small we define 
the function 

j/':0 ei -R, H + n0 £l) L(y') = in ei . (4.6) 

The functions y and y ; are smooth on ei , and, using ( 14. 3 p and the definition of y' 

y- y ' = on (H + U W) fl £l . (4.7) 

In addition, using again (14.31) . we infer that |e( a )(?/)| < Ce 1 ^ 5 on So, for all a = 1,2,3,4. 
Using daOS]) e {a) (y') = (2M)~ 1 3C7 1 E [a)(aMl() TW on5 , a = 1, 2. It follows from (J32D 
and the inequality \e^ a ){y')\ < Ce 1 ^ 5 that |D( a )D( )y'| < Ce on S , a = 1, 2. Using L(y') = 
and |e( Q )(?/')| < Ce 1//5 , we have |D( 3 )D( 4 )?/| + |D(4)D( 3 )y'| < Ce on Sq. Therefore, 

\O g y'\ < Ce 1/5 on S . (4.8) 

In view of (14. 7p . there is e 2 = £2 (^4) £ (0,£i) such that y — y' = uuf in £2 , where 
/ : £2 — >■ K is smooth. Since w = tt = and 2D a uD a u = —2 on Sq, it follows from (14.51) 
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and (023) that 

/ = -(l/2)D"D a (y - y') = ^ + E', \E'\<Ce^, on S . (4.9) 

To summarize, y = y' + uuf in £2 , where / satisfies (14.91) on S . 

We eliminate now the second alternative in ( 14.41) . The main point is that if y is close to 
(1 — y/1 — AS)/ 2 < 1/2 on 5o then / is strictly positive on Sq (see (14.91) ). In quantitative 
terms, there is e 3 = 63(A) G (0, £2) such that / > in £3 . Since uu < on Si D £3 
and y' < (1 - y/l-AB) /2 + Ce 1 ^ on £3 (using the second alternative in (14. 4p and the 
construction of y'), it follows that 

y<(l- Vl -4B)/2 - C^IH + C7e 1/40 on Ei n £3 . 



In particular, using (I2.12p . y < (1 — yl — 4B)/2 — at some point in Ei (provided, 
of course, that e is sufficiently small depending on A). Using also ( 12.25ft . it follows 
that function y : Ei — > R attains its minimum at some point p G E 1; and y(p) < 
(1 - VI -AB)/2 - C~ l . Thus Ti(y) = T 2 (y) = T 3 (y) = at p (where T , 7\, T 2 , T 3 is the 
orthonormal frame along Ei defined in assumption PK), and 

B a yB a y = -(T (y)f<0 

at p. This is in contradiction, however, with the identity (13.261) and the inequality y(p) < 
(1 - VI - 4B)/2 - C~ l . We conclude that the first alternative in (O) holds. 

We prove now the second statement of the lemma: since y is close to (1 + yl — 4B)/2 > 
1/2 on 5*0, it follows from (Oil there isj^ = e 3 (A) G (0,e 2 ) such that / G^ -C^ 1 ] 
in £3 . Also - (1 + Vl-45)/2| < Ce 1 '^ in £3 and uu/(r - l) 2 G [-(7, -C^ 1 ] (see 
(12.12p ). The inequalities in (14. 2 p follow since y = y' + fuu. □ 

4.2. Regularity properties of the function y away from Sq. We derive now the 
main properties of the level sets of the function y. Recall first the main inequality proved 
in Lemma [4. 11 there are constants r\ = ri(A) > 1 and C% = C\(A) ^> 1 such that 

C x {r - if + Cie 1/4 ° > y - (1 + Vl - 4S)/2 > C^(r - if - CiE 1 ' 40 on Ei\E ri . (4.10) 
We define 

y = (1 + vT=4S)/2 + C" 1 , (4.11) 

where we fix C2 = C^A) a sufficiently large constant depending on the constants C\, r\ 
in (I4.10p and c in Proposition 15. 11 As in [2U Section 8], for R G [?/o, 00) we define 

V R = {p G E x : j,(p) < i?}; 

= the connected component of Vr whose closure in E u contains So 

In view of (T4TT01 . 

S i \ ^i+^c^)- 1 ' 2 - Ho n ( s i \ S n) C V Vo+ g-i n (Ei \ E ri ) C Ei \ E 1+(4( 5 i(5 -i )1/2 , 



______ , (4-12) 
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provided that C-i is sufficiently large and e is sufficiently small. In particular, we deduce, 

S l \ S l+(4CiC 2 )- 1 / 2 - Q Uyo+Cz 1 - S l \ ^H^CiC^ 1 ) 1 ' 2 ' ( 4 - 13 ) 

For p = $i(0, q) G Si and r < e we define, 

B r (p) = ®i({(t,q') G (-e ,e ) x ^_ £o : t 2 + \q - qf < r 2 }). 

For any set U C Si let ^(Z/) denote its boundary in Si. Clearly, if p G S^iUn) for some 
R>Uo then = i?. 

We define the vector-field Y = D a y~D a in $1 [(— e, e) x Eis] and its projection Y' along 
the hypersurface Si_ g , 

3 

y = y + g(y,T )T = ^(y'r^. (4.i4) 

a=l 

The vector-field y' is smooth, tangent to the hypersurface Ei_e, and 

3 

^l( y ') a |<^o _1 onS^. 

Q=l 

In addition, 

r ( y ) = g (r, y) = g (y y) + g (y r ) 2 > g (y y) = D a yD<y (4.15) 

In particular, if p G 5^ (W#) for some R> yo then = i? thus, using (13.261) . Y'(y)(p) > 
C^ 1 . Therefore if p G S^^Ur) then 

{x G B,(p) n Si : y{x) < R) = B s (p) D W*, (4.16) 

for any 5 < 6i = 5i(A) > 0. 

We prove now that the regions U R , R > yo, increase in a controlled way. 

Lemma 4.2. There is 62 = 62(A) >G (0, 5\) such that, for any 8 < 82 and R G [yo, 00), 

Upeiin (Bs4p) n Si) C U R+S 2 C U peUR (B 5 (p) H Si). (4.17) 

In addition 

U R > yo U R = Z 1 (4.18) 

and 

= Vr /or any i? > y Q . (4.19) 

Proof of Lemma 4-S\ The first inclusion in (14.171) is clear: since y is a smooth function in 
a neighborhood of Si (see Proposition 13.4)) . it follows that y(q) < R + 5 2 for any p G IA R 
and g G Bg3(p) fl S 1; provided that 5 is sufficiently small. 
To prove the second inclusion, it suffices to prove that 

U R+5 2 CW R U [U peSsi (u R )(Bs/4(p) n Ei)], (4.20) 

for 5 sufficiently small, R > yo- Assume, for contradiction, that q is a point in U R+ s2 which 
does not belong to the open set in the right-hand side of ( 14.201) . Let 7 : [0, 1] — ► Ur+p USq 
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be a continuous curve such that 7(0) G So and 7(1) = q (see definition (14.121) ). Let 
q' = 7(t')j t' ^ (0) 1]) denote the first point on this curve which does not belong to the 
open set in the right-hand side of (14.201) . Clearly, q' does not belong to the closure of 
Ur in Ei, thus q' belongs to the closure of the set Upg^^^-B^Qo) fl E x ) in E x . Since 
$Ei(Mr) is a compact set (see (12.251) and (14.131) ). it follows that 

q' e B 5/2 (po) n S x for some p G <? Ei (Wr). (4.21) 

For p G ^i+uc^)- 1 / 2 anc ^ 1*1 — ^' 1 ^' > sufficiently small, let 7 p (t) Q S x denote the 
integral curves of the vector- field Y' defined in (I4.14p . starting at p. Using (14.151) . the fact 
that y(po) = R> yo, and (13.261) . it follows that 

Y'(y)>C- 1 mB s {p )nE 1 , (4.22) 

provided that 5 is sufficiently small. With q' G Bs/ 2 (Po) being the point constructed 
earlier, we look at the curve 7 g '(t), t G [— S 3 ^ 2 , 5 3 ^ 2 }. Clearly, this curve is included in 
B&(po) H Ei, assuming S sufficiently small. Using (I4.22p and the fact that y(q') < R + 5 2 
(since q' G Ur+s?), we derive that there is a point q" on the curve 7 g '(t), t G [— 5 3 ^ 2 , <5 3 / 2 ], 
such that y(q") < R. It follows from (14.161) that q" G Ur. Since q' Ur (by construction), 
there is a point q'" = %>(t'"), t"' G [-5 3/2 ,5 3/2 ], such that q'" G S El (U R ). It follows that 
q' G Bs/s{q"'), in contradiction with the fact that q' does not belong to the set in the 
right-hand side of (I4.20p . This completes the proof of (14.201) . 

The completeness property (I4.18P follows easily from the asymptotic formula (I2.25P and 
the fact that y is a smooth function on Ei. 

To prove (14.191) we notice that, in view of (14.131) . it suffices to prove that fl 
^i+(4CiC 2 )" 1/2 — ^ or an ^ ^ — y°' Assume, f° r contradiction, that 

there is R > y and q G E 1+ ^ i g^_i/ 2 such that y(q) < R and q ^ Ur . (4.23) 

Let I = {R G [Rq, 00) : q ^ Ur}. Since / is bounded, due to (14.181) . we can take R' its 
least upper bound. We analyze two possibilities: q &Ur> and q Ur>. 

If q G Ur; then, using (14.231) . R' > R . For 5 > sufficiently small (depending on 
R' - R and A), it follows from (14371) that there is R" = R' - 5 2 > R + 5 1/2 and a point 
q' G W/j// such that \q-q'\ < 5. However, y(q) < R , see (14.231) . thus y(x) < Rq + 5 1/2 < R" 
for any x G B$(q). Since -B^g) HUr" 7^ 0, it follows that g G in contradiction with 
the definition of R'. 

Finally, assume that q Ur* . Then q ^ ^(Ur'), in view of (14.161) and (14.231) . For 
S sufficiently small (smaller than the distance between q and the compact set S^IUr/)), 
it follows from (I4.20p that q ^ Ur/ + $2. This is in contradiction with the definition of R', 
which completes the proof of (14.191) . □ 

4.3. T-conditional pseudo-convexity. In this subsection we prove a T-conditional 
pseudo-convexity property of the function y away from the bifurcation sphere So- This 
pseudo-convexity property, which was first observed in [25] in the case of the Kerr spaces 
and used in [21], plays a key role in the Carleman estimates and the uniqueness arguments 
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in the next section. We remark that the main condition for pseudo- convexity is the 
assumption (I4.24p below. 

Since U yo = {p G Si : y(p) < y }, see (I4.19P and the definition (I4.12p . it follows from 
fT4TT3"j) that y > (l + y/l -4P)/2 + cV in £ 1+(4 ^-i )1/2 . Using also (QUI) , it follows that 



y > (1 + VT^B)/2 + C^ 2 in E 1+(8 ^ 2) _ 1/2 . 
Lemma 4.3. Assume p G Si^g^cy-i/a, 



y(p) > (1 + v / T^45)/2 + C 2 2 . (4.24) 

There there is a constant c 2 = 02(A) > and \i = p,(p) G M such that 

X a XP(fig a p(p) - D a D^(p)) > c 2 |X| 2 (4.25) 

/or any reaZ vector X with the property that 

\X a T a (p)\ + \X a B a y(p)\ < c 2 \X\. (4.26) 

Proof of Lemma \4-3\ The bound (14.251) follows easily with \i = 1 if r(p) > C is sufficiently 
large (see (I2.3P and (12.251) ). Assume that r(p) < C. We shall make use of the null frame 
defined in section [31 
Using (I3.22p . we write 

X a X /3 T> a D p y = X a X p K[-P- 1 D Q PD /3 P] + g(X, X) ^[P' 1 (D p P~D p P)} 
- 2X a X^[P 2 F a p F Pp ] - (X Q T Q ) 2 3?(P 3 P 2 ) + \X\ 2 0(e), 

where, in this proof, 0(e) denotes quantities bounded by Ce 1 ^ . Since X(y) = |X|0(c 2 ), 

X a X^[-P- 1 B a PB p P] = -JL^X(z) 2 +\X\ 2 0(c 2 ), (4.27) 

yZ _|_ Z Z 

where, in this proof, 0(c 2 ) denotes quantities bounded by Cc 2 . Using (I3.17P and (13. 7p . 
3?[P- 1 (D P PD"P)] = 9 V 9 * (i-^-^) +0(e), 

thus 

x « x ^ [p -i (Dp p D P P)]g ^ = g(X,X) ^ 2 2( + 2 ^~ 2 ^ 2 + |X| 2 0(^). (4.28) 

To calculate X Q X^3ft[P 2 P Q , p ^-' / gp] we recall, see (I3.13P that all components of T vanish, 
with the exception of P 34 = -P 43 = -j^jpz + 0(e) and P i2 = -P 2 i = i]gp2 + 0(e), 
a, b = 1, 2. Since F = 9ft(P) we also have, 

P34 = -P« = -(4M)- 1 K[P~ 2 ] + 0(e), P 12 = -P 21 = -(4M)- 1 S[P- 2 ] + 0(e). 
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Therefore, 

X^F a "T Pp = 2X 3 X i F M T M +((X 1 ) 2 + (X 2 ) 2 )F 12 T l2 + \X\ 2 0(e) 

2X 3 X 4 ^[p- 2 }-t((X 1 ) 2 + (X 2 ) 2 p[p- 2 ] ) + \X\ 2 0(e). 



Thus, 



16M 2 P 2 



- 2x a x? ^\p 2 F a p^ p ] = -x 3 x \ n £ - Z \ 9V ., ■ i .vf-on 



AM 2 (y 2 + z 2 ) 2 

Therefore, denoting E(X,X) := X a X^(fig a/3 - D a D^y), we write 



(4.29) 



E{X,X) = g(X,X)(/i 



+ X 3 X 4 - 



y 2 - z 2 



4M 2 (y 2 + z 2 ) 2 
or, since g(X,X) = -2X 3 X 4 + (X 1 ) 2 + (X 2 ) 2 , 

E(X,X) = 2A^[ ^l + ; 2 -^ + ^ 



l/(?/ 2 + z 2 - y) 
AM 2 (y 2 + z 2 ) 2 

+ \X\ 2 0(e) + \X\ 2 0(c 2 ) 



yZ _|_ Z Z 



-AM 2 (y 2 + z 2 ) 2 8M 2 (y 2 + z 2 ) 2 



y 



y 2 + z- 



+ ((X 1 ) 2 + (X 2 ) 2 ) (/, - V }fjf x 2 V l ) + \X\ 2 0(e) + \X\ 2 0(c 2 ) 



2X 3 X 4 ( 



4M 2 (y 2 + z 2 ) 2 ' 



8M 2 (y 2 + z 2 



y 2 + z 2 



We now make use of our main identity (13.191) as well as (13 . 1 6j) . and derive, 

B-z 2 



(D^) 2 + (D 2 z) 2 = -DpzDPz + 0(e) 



+ Oi (e ■ 



AM 2 (y 2 + z 2 

Thus, using also D 3 z = 0(e) and D 4 z = 0(e), by Cauchy-Schwartz, 
X(z) 2 < ((X 1 ) 2 + (X 2 ) 2 ) ((B lZ ) 2 + (D 2 z) 2 ) + 0(e) 



< ((X 1 ) 2 + (X 2 ) 2 ) 



B-z 2 



AM 2 (y 2 + z 2 ] 



We deduce, 

£(X,X) > |X| 2 0(e) + |X| 2 0(c 2 ) + 2X 3 X 4 

+ ((xy + (x 2 ) 2 ) L 



+ 0(e). 



2y-l 



_8M 2 (y 2 + z 2 ) 
y(y 2 + z 2 -y) y(B - z 2 ) 



AM 2 (y 2 + z 2 ) 2 AM 2 (y 2 + z 2 ) 2 
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or, 



E(X,X) > \X\ 2 0(e) + \X\ 2 0{c 2 ) + 2X 3 X 4 



2y-l 



+ ((X 1 ) 2 + (X 2 ) 2 ) 



]M 2 (y 2 + z 2 ) 
y(y 2 -y + B) 



(4.30) 



AM 2 (y 2 + z 2 ) 2 _ 

Since X(y) = X a ~D a y = \X\0{c 2 ), it follows from (15351) that X 4 (T%) - X 3 (T Q ZJ 
\X\0(e) + \X\0(c 2 ). On the other hand, according to (ET27I) . 

y 2 -y + B 



(T a l a )(T% 



0(e) 



~ p) 2{y 2 + z 2 ) 

and therefore, in view of fl424j) and B < 1/4, (T a l a )(T%) > d = c'(A) > (recall 
t{jp) < C). We infer that, 

2X 3 X 4 > ^^(X 3 ) 2 + (X 4 )] 2 - Ce\X\ - Cc 2 \X\. 

Thus the expression in (14.301) is bounded from below by C2|X| 2 if c 2 is sufficiently small 
and the coefficients of ((X 1 ) 2 + (X 2 ) 2 ) and 2X 3 X 4 are both positive, for a suitable choice 
of fi. This holds if and only if, 



y(y 2 -y + B) 

AM 2 (y 2 + z 2 ) 2 
Such a choice exists since, 

2y - 1 y(y 2 -y + B 



< n < 



2y-l 



]M 2 (y 2 + z 2 ) 



z 2 (2y-l) + y(y-2B) 



>c-\ 



8M 2 (y 2 + z 2 ) 4M 2 (y 2 + z 2 ) 2 8M 2 (y 2 + z 2 ) 2 

This last inequality holds because B < 1/4, y > 1/2 + ci, and r(p) < C. 

5. Construction of the Hawking Killing vector-field K 



□ 



In this section we construct a second Killing vector-field K in E U 0c, for some small 
constant c = c(A) e (0,c ). The first step, the existence of K in a neighborhood of So, 
was proved by the authors in [2]. We summarize first the main results in [2], see Theorem 
1.1, Proposition 4.5, Proposition 5.1, and Proposition 5.2, in a suitable quantitative form. 

Proposition 5.1. There is a neighborhood & of the bifurcation sphere So, a constant 
c = c(A) > such that @c Q & , and a smooth vector-field K in 0' such that K = uL — uL 
on (H + U H~) D &, 

£ K g = 0, [T,K]=0, K"<r M = m0', (5.1) 

and 

g(K, K) < — c(r — l) 2 onSxHO'. (5.2) 
In addition, there is Ao G K swc/i ^/iat i/ie vector-field 

Z = T + A K 
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has complete periodic orbits in & . 

The inequality (15. 2p follows from [2J Proposition 4.5] and (12.121) . In this section we 
extend K to the exterior region E. The main result is the following: 

Theorem 5.2. The vector-field K constructed in &c can be extended to a smooth vector- 
field in the exterior region E such that 

£ K g = 0, [T, K] = 0, K^a M = in E U 0^. (5.3) 

The rest of this section is concerned with the proof of Theorem 15.21 We construct the 
vector-field K recursively, in increasingly larger regions defined in terms of the level sets 
of the function y. We rely on Carleman estimates to prove, by an uniqueness argument 
similar to that of [2], that the extended K remains Killing at every step in the process. 
The initial step is, of course, that given by Proposition 15.11 

Recall the definitions (14TTT) and (14T21) . and the identity U R = Vr, see ( l4~T9l) . Using 
the flow \l/ t T associated to T and the assumption GR on the orbits of T, we define the 
connected open space-time regions, 

E R = {p e E : y(p) < R} = U tm % )T (U R ) C E, R > y . (5.4) 

Clearly, E = U R > yo 'E R . The main step in the proof of the theorem is the following: 

Main Claim: For any R > y there is a smooth vector-field K defined in the con- 
nected open set E^, which agrees with the vector-field K defined in Proposition 15. II in a 
neighborhood of U ya in E, such that 

£ K g = 0, [T,K] = 0, K^ = inE^. (5.5) 

The Main Claim follows for R = y from Proposition 15.11 we define K in a small 
neighborhood of U yo in E as in Proposition 15.11 and extend it to E yo by solving the 
ordinary differential equation [T, K] = (recall that T does not vanish in E). The 
remaining identities in (15.51) hold on E. yo since they hold in a small neighborhood of U yo 
in E and T is non-vanishing Killing vector-field. 

Assume now that the Main Claim holds for some value Rq > yo- We would like to 
prove the Main Claim for some value R = Rq + S f , for some 5' = S'(A, 5q) > 0. We will 
use the results and the notation in section HI 

Recall that y, z, a are smooth well-defined functions in E and y + iz = (1 — cr) -1 . As 
in the proof of Lemma [4.21 let Y a = T) a y, which is a smooth vector-field in E. Using the 
last identity in (15.51) . K M F M = in E Ro . We compute in E Ro 

[K, Y]/3 = K a B a Y fi - Y a B a Kp = K a B p B a y + B a yB p K a = D^K^D^) = 0. 

Thus 

[K,F] = inE Ro . (5.6) 
For R > y and 5 > small we define 

<Z>s,r = U p€Ssi (u R )Bs{p)- 
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Clearly, for S sufficiently small and R > yo 

E fl n @s,r = {pe s ,r y{v) < R}. (5.7) 

The vector- field K is defined in E Ro n 0s, r , by the induction hypothesis. We would like 

to extend it to the full open set 0s,r o as the solution of an ordinary differential equation 

of the form [K, Y] = 0, where Y is a suitable vector-field in 0,^0 . We summarize this 
construction in Lemma [5.31 below. 

Lemma 5.3. There is a constant 63 = 63(A) > 0, a smooth vector-field Y = Y a d a in 
0s 3 ,r o , Yla=o \Y a \ — ^ n $&3,Ro> an d a smooth extension of the v ector- field K (originally 
defined in 0s 3 ,r o D Er ) to 0s 3 ,Rq such that 

D F F = 0, [K,F] = 0, Y(y)>6 3 in0 w . (5.8) 
Proof of Lemma 15.31 For 5 sufficiently small we define 

Ss,r = {x e 0s,r o :y(x) = R }. 

Clearly, S^iU^) ^ Ss,r - Since y is a smooth function and D a y~D a y > C^ 1 in 0s,r o , the 
set Ss,r is a smooth imbedded hypersurface. We define Y = Y on Ss )Ro , and extend Y 
to an open set of the form 0s 1 , r , S' < 5 by solving the geodesic equation DyY = 0. 

We first show that [K, Y] = in 0s",r o H E Ro , 5" G (0, 5'}. Since K is tangent to Ss,r , 
K(y) = 0, and Y = Y we deduce that [K, Y] = along Ss,r . On the other hand, we 
have in 0s',r o H E# (where K is Killing), 

B 7 (C K Y) = £ K (D F F) - d £kF F = -d £kF F. 

Thus, [K,F] = in S ",Ro n E^, 5" G (0,5']. We can now extend K to 0s 3 ,r o , 83 < S", 
by solving the ordinary differential equation [K, Y] = 0. This completes the proof of the 
lemma. □ 

We prove now that the vector field K is indeed a Killing vector-field (and verifies the 
other identities in (15.51) ) in a small open set 0s,r o - An argument of this type was used in [21 
Section 4]. For \t\ sufficiently small and p G S^^Urq) we define, in a small neighborhood 
of po, the map ^t,K obtained by flowing a parameter distance t along the integral curves 
of K. Let 

g* = ** K (g) and T* = % K (T). 

The tensor g* is a smooth Lorentz metric that satisfies the Einstein vacuum equations, 
and T* is a smooth Killing vector-field for g*, in a small neighborhood of po and for \t\ 
sufficiently small. In addition, since K is tangent to the hypersurface {y = Ro}, it follows 
from the induction hypothesis that g* = g and T* = T in a small neighborhood of po 
intersected with E fio . In addition, using the second identity in (15.81) . with ty t = ^ t ,K, 

-**F = lim = lim ^ = -W(C K Y) = 0. 

dt h-+o -h ty h->o -h ' tK ' 
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Thus ty*Y = Y and we infer that = in a small neighborhood of po, for \t\ 

sufficiently small, where D* denotes the covariant derivative with respect to g*. The main 
step in proving the Main Claim is the following proposition: 

Proposition 5.4. Assume po G Ss^Uro), g' is a smooth Lorentz metric in B$ 4 (pq), 
£4 G (0,53], such that {Bs i (po),g') is a smooth Einstein vacuum spacetime, and T' is a 
smooth Killing vector-field for the metric g' in Bs 4 (po). In addition, assume that 

g' = g and T = T in E Ro fl B Si (po); 
B' Y Y = inBsM, 

where D' denotes the covariant derivative induced by the metric g'. Then g' = g and 
T = T in Bs 5 (p ) for some 5 5 G (0, <5 4 ]. 

Assuming the proposition and Lemma |5~5| which we prove below, we complete now the 
proof of the Main Claim. It follows from Proposition 15.41 that K is a Killing vector-field 
in Bs s (p ), for any p G <5ei(Wr )- In addition, since \l/j K (T) = T for \t\ sufficiently small, 
it follows that [T, K] = C K T = in B h (p ). Finally, in Bs 5 (p ), 

□ g (K%) = K"D a D a ^ = K"D„(DV a ) = -C K (F 2 ) = 0, 

(using D g K = 0, DK is antisymmetric, Da is symmetric, ~D ot a a = —J- 2 , see ( I2.15P ). and 

T(K M cr M ) = K(T(cr)) = 0. 

Since K M a M = in B$ 5 (p ) fl E# (the induction hypothesis), it follows from Lemma [531 
below, with H = 0, that K^(x M = in B Sfj (p Q ), 5 6 G (0, S 5 }. 

To summarize, we proved that K extends to the open set 05 6 ,_r o = Up oe s Si (u Ro )Bs 6 (po) , 
^6 — ^(^4, ^o) > 0, as a smooth vector, and the identities in (15.51) hold in this set. Using 
the inclusion f)4.20p . it follows that K is well defined and satisfies the identities (15.51) in 
a small neighborhood of U Ro+S 2. Thus we can extend K to the region E^^, by solving 
the ordinary differential equation [T, K] = 0. The Main Claim follows. 

5.1. Proof of Proposition [5741 We prove proposition 15.41 following the same scheme as 
in the proof of [21 Proposition 4.3]. We first fix some smooth frames t>(i), v (2), f (3), i>(4) = Y 
and f'(i), v '( 2 ) , 1/(3) , ?/(4) = Y in a small neighborhood Bs>(po), such that, for a = 1, 2, 3, 4, 

Dy^(a) = and D'y^V) = in B S'{Po)\ 
V( a ) = v\ a ) in E Ro n B S '(po). 

The idea of the proof is to derive ODE's for the differences dv — v' — v, dT = V — T, 
dT = T' — T and dF = F' — F, with source terms in dR = R' — R. We combine these 
ODE's with an equation for O g (dR) and equation for T(dR). Finally, we prove uniqueness 
of solutions of the resulting coupled system, see Lemma 15.51 using Carleman inequalities 
as in [24], [25], PQ, 0. 
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As in the proof of (2J Proposition 4.3], we define, for a,b,c,d = 1, ...4 and a,/3 



0,...,3, 



(tff 1 ) (o)(6)(c) = r (a)(6)(c) - r (a)(fc)(c) = g'(^'(o) , D^ (c) t/( 6 )) - g(« ( a ), D„ (c) t>( 6 )); 
(<9^r)a(a)(fe)(c) = 5 a [((ir) (a)(6)(c)] \ 

(dR)( a )(b)(c)(d) = R\v\ a) ,v\ b ),v\ c ),v\ d) ) - R(v {a) ,v ib ),v ic) ,v id) ); 

(9di?)a(o)(6)(c)(d) = ^a[(^)(o)(6)(c)(d)]; 

(du)^ = w 'J a) - u^ a) where v (a) = v^dp and u' (o) = v'f a) d p ; 

(W"4) = *)(.)l' 

As before, the coordinate frame <9o,...,<93 is induced by the diffeomorphism $i. Let 
g(a)(b) = g(«(a),U(6)), gj a )(6) = g'K(a) > • Tne identities D F t> (a) = D^t>' (a) = show 
that y(g( )(6)) = ^(g( o) ( 6) ) = 0. Since g( a)(6 ) = g' (a)(6) in E Ro n B s , {po) it follows that 

g(o)(6) = g( a )(6) : = fyo)(t) and F(/i (a)(6) ) = in B 5 »(po), (5.10) 

for some constant 5" = 5"(A,5 ) G (0,5']. Clearly, r( a )( fc )( 4 ) = V, v b v 4 ) = 0. We use 
now the definition of the Riemann curvature tensor to find a system of equations for 
F[(dr)( )(6)( c )]. We have 

R(a)(6)(c)(«0 = g( U (a)) D «(c)( D «(ci) U ( 6 )) ~ D «w( D f(c) U (b)) _ D b(c)^(d)] U (6)) 

= g(« (ft)) D„ (c) (gNWr (m)(6)( ^ w )) - g(,; (fl)) D„ M (gHWr W(ft)(c) , w )) 

+ g (m)( " )r (a)(6)(n)(r(m)( C )(d) ~ r (m )( d )( c )) 

= V(c){^( a )(b)(d)) - U(d)(r( a )( 6 )( c )) + g (m)(n) r( a) ( 6) („)(r( m)(c )( (i ) - r (m)((i )( C) ) 
+ g(a) ( n)[r M ( 6 )( rf )^( C) (g (m)(n) ) - r (m)(6)(W) (g^)] 
+ g (m)(n) ( r (m)(6)(d)r( a )( n )( C ) - r (m )( 6 )( c) r( a )( n )( d )). 

We set d = 4 and use r (o )(&)(4) = v ( 4 )(g (a)(6) ) = and g (a)(b) = /i (a)(6) ; the result is 

K(r (0 )( 6 )( C )) = -/i (m)(n) r( a )( )( n )r (m )(4)( C ) -R( )(6)( C )(4)- 

Similarly, 

^(r'( )(6)( c )) = -^ (m)(ri) r / ( a )( 6 )( n )r / ( m )( 4 )( C ) -R'( a )(&)( C )(4)- 

We subtract these two identities to derive 

Y[(dT) {am{c) )} = {1) F$$$(dT) {d)m) - (dR) {am{c){i) (5.11) 
for some smooth function Wf. This can be written schematically in the form 

F(dT) = -M^dr) + MooidR). (5.12) 
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We will use such schematic equations for simplicity of notation^- By differentiating (15.121) . 
we also derive 

Y(ddT) = MooidT) + M^ddY) + M^dR) + M^ddR). (5.13) 
With the notation in (15.91) . since [f(4),f(&)] = — D^t^) = — T^^^v^, we have 

Similarly, 

v (4)°aK v (b)> ~ v (b) d a{V^) - -1 (a)(4)(b) ^ ( c )g 

We subtract these two identities to conclude that, schematically, 

Y(dv) = M 00 (dT)+Moo{dv). (5.14) 
By differentiating (15.141) we also have 

Y(ddv) = MooidT) + M^ddY) + M^dv) + M^ddv). (5.15) 
We derive now a wave equation for dR. We start from the identity 

(□gR)(a)(6)(c)(d) - (ng' R 0(a)(6)(c)(d) = Moo(dR), 

which follows from the standard wave equations satisfied by R and R' and the fact that 

gWW = g'MW = h (m)(n)_ We algo haye 

D( m )R( a )(fe)( c )(d) — D ( w )R'(a)(6)(c)(d) 

= Mao{dv) + MooidT) + Moo(dR) + M^ddR). 
It follows from the last two equations that 

g (m)(n) -y (n) (u (m) (R (o)(6)(c)(d) )) -g' {m){n) v\ n) (v\ m) (R' (am(cm )) 
= Moo{dv) + M^dY) + MooiddT) + M^dR) + M^ddR). 

Since g (m)(n) = g' (m)(ri) it follows that 

^ m){n) v {n) (v {m) ((dR) [a)mc){d) )) 

= M^dv) + M^ddv) + M^dY) + M^ddY) + M^dR) + M^ddR). 

Thus 

D s (dR) = M 00 (dv)+M 00 (ddv)+M 00 (dY)+M 00 (ddY)+M 00 (dR)+M 00 (ddR). (5.16) 
This is our main wave equation. 

In general, given H = (Hi, . . . Hl) : B 5 »(po) -> K L we let Moo(H) : B s „(p ) -> R L ' denote vector- 
valued functions of the form MooiH)^ = A\,Hi, where the coefficients A\, are smooth on Bs"(po). 
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We collect now equations (15U2D . (I5TT3D . CTl . (loTToTl . and (IBTTHl) : 
F(dT) =Moo(rfT) +M 00 (dR); 

Y(ddT) = Moo(dT) + Moo(ddT) + M^dR) + M^ddR); 
Y{dv) = Moo{dv) + M oa {dT); 

Y(ddv) = M^dv) + M^ddv) + M^dT) + M^ddY)- 

D s (dR) = Mooidv) + Moo{ddv) + M^dT) + M^ddT) + M^dR) + M^ddR). 

(5.17) 

This is our first main system of equations. 

We derive now an additional system of this type, to exploit the existence of the Killing 
vector-fields T and T'. For a, b = 1, . . . , 4 let 

(dT)(.) = TV) - T (0 ) = g'(T', L' (a) ) - g(T, L (a) ); 
(dF)( a ) (b ) = F\ a ) (b ) - F( a )( 6 ) = D'^T^) - D( )T( 6 ). 

Using the identities D V(4) V(b) = and D' V(4) i/( 6 ) = it follows that t>( 4 )(T( fc )) = -F(4)W and 
^(4)(T' (6) ) = F' {A){b) . Thus 

F(dT) = Moo{dF). (5.19) 
We also have, using again D V(4) V(b) = 0, 

V(4){F(a)(b)) = D( 4 )F( )( 6 ) = g (c)(cf) T ((i )R (c)( 4) (a )( 6) = /i (c)(d) T (d) R (c ) (4)(a )( b) . 
Similarly, 

%)( F V)W) = /l (c)(d) T' (d )R( c )( 4 )(a)(6)- 

Thus, in our schematic notation, 

F(dF) = ^oo(T) + -Moo(R). (5.20) 
Finally, we use the identities 
= (CtH) ( a )(b)(c){d) = T^ m ^D( m )R( a )( 6 )( c )( d ) + D( )T^ m 'R( m )(6)( c )(d) + D^T^R^™)^)^ 
+ D( c )T (m ^R (a )( & )( m )( d ) + D( d )T (m ^R( a )( b )( c )( m ), 

and 

= (^ T 'R / )(a)(6)(c)(d) = T / ^D'( m )R'( a )(b)(c)(d) + D'( a )T /(m ^R( m )( b )( c )( rf ) 

+ JJ (ft) 1 rt ( a )(m)(c)(d) + -U ( c ) 1 K ( a )(6)(m)(d) + U (d) 1 K (a)(6)(c)(m) ■ 

Thus 

T ,(m) D' {m) R' (a)(t)(c)(rf) - T( m )D (m) R (a)(6)(c)(d) = ^oo(c/F) +A^ 00 (di2), 
which easily gives 

T(dR) = Moo(dF) + Moo(dR) + Moo(dT) + M^dT) + M^dv). (5.21) 
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We collect now equations ( 15. 19ft . ( 15.201) . and ( 15.211) . thus 

Y(dT) = Moo(dF); 

Y(dF) = M^dT) + MocidR); 



(5.22) 



T(dR) = MovidF) + M^dY) + M^dT) + M^dL) + M^dR). 

This is our second main system of differential equations. Since g' = g and T' = T in E^ D 
Bgi/(po), the functions dT , ddT , dv, ddv, dT, dF, dR vanish in E# n Bs»(po). Therefore, 
using both systems (I5.17P and (15.221) . the lemma is a consequence of Lemma [5.51 below. 

Lemma 5.5. Assume 5 > 0, po G S^^Uro) and Gi,Hj : B$(po) — > R are smooth func- 
tions, % — j — 1,...,J. Let G = (Gi, ...,Gi), H = (H 1 ,...,H J ), dG = 
(doGi, . . . , d^Gi) and assume that, in Bs(po), 



Assume that G = and H = in Bs(po) PI E# = {x G B$(po) : y(x) < Ro}- Then G = 
and H = in Bg(p ) for some 5 G (0, 5) sufficiently small. 

Unique continuation theorems of this type in the case H = were proved by two of the 
authors in [23] and [25], using Carleman estimates. It is not hard to adapt the proofs, 
using the same Carleman estimates, to the general case. The essential ingredients are 
the T-conditional pseudo-convexity property in Lemma 14.31 and the inequality y(po) > 
(1 + VI -4B)/2 + C-\ see (fl~24"l) . We provide all the details below. 

5.2. Proof of Lemma l5.5l We will use a Carleman estimate proved by two of the authors 
in [2H Section 3], which we recall below. We may assume that the value of 5 in Lemma 
5.5 is sufficiently small. For r < 6 let B r = B r (p ) Notice that, if T = T a d a . Y = V il, 
in the coordinate frame induced by the diffeomorphism $i then 



Definition 5.6. A family of weights h e : B e w — s> R + , e G (0, e\), 6\ < 5 will be called 
T-conditional pseudo-convex if for any e G (0, ei) 



□ g G = MUG) + M^dG) + MooiH); 

T{G)=M 00 {G)+M 00 {H); 

Y(H) = McoiG) + M^dG) + M^H). 



(5.23) 



3 




(5.24) 



i 



h e (p ) = e, sup J2 ej \ djh &)\ < e/ei, \T(h e )(p )\ < e 



(5.25) 



D a fr £ (p )D /3 fc £ (p )(D ( AD /3 fc £ -eD a D^ e )(po) > 4, 



(5.26) 
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and there is \i G [— e^ 1 , e^f 1 ] such that for all vectors X = X a d a at po 
el[(Xr + (X 2 ) 2 + (X 3 ) 2 + (X 4 ) 2 ] 

< X a X (3 ^g af3 - B a B p h e )(p ) + e- 2 (\X a T a (p )\ 2 + IX^D^xo)! 2 ). 
A function e e : B e w — > K will be called a negligible perturbation if 

sup |^'e e (x)| < e 10 for j = 0,...,4. (5.28) 

Our main Carleman estimate, see [231 Section 3], is the following: 

Lemma 5.7. Assume t\ < 5, {/i e } ee (o, €1 ) is a ^-conditional pseudo-convex family, and 
e e is a negligible perturbation for any e G (0, ei]. Then there is e G (0, ei) sufficiently 
small ( depending only on e\ ) and C sufficiently large such that for any A > C and any 
G C™(B el0 ) 

A||e- A ^0|| L2 + We-^ld^l || L2 < CX-WWe-*' n s <j>\\„ + e - 6 || e -^T(0)|| L2 , (5.29) 

where f e = ln(h e + e e ). 

We also need a Carleman inequality to exploit the last equation in (I5.23p . 

Lemma 5.8. Assume e < 5 is sufficiently small, e e is a negligible perturbation, and 
h t : B e w — > E + satisfies 

2 

h e (p ) = e, sup ^e 3 ]^^! < 1, |F(/i e )(po)| > c (5.30) 

T/ien t/iere zs C sufficiently large such that for any X > C and any (ft G C™(B e io) 

||e- A ^0|| L2 < 4( e A)- 1 ||e- A ^F(0)|| L2 , (5.31) 

where f e = \n(h e + e e ). 

This inequality was proved in [21 Appendix A]. See also [231 Chapter 28] for much more 
general Carleman inequalities under suitable pseudo-convexity conditions. 
To prove Lemma [5. 51 we set 

h e = y- y(p ) + e and e e = e 12 X Po , (5.32) 

where N po (x) = (a;) — ^^(po)] 2 is the square of the standard euclidean norm. 

It is clear that e t is a negligible perturbation, in the sense of (I5.28p . for e sufficiently 
small. Also, it is clear that h e verifies the condition (I5.30p . for e sufficiently small, see 
Lemma 15.31 

We show now that there is e\ = e\ (5) sufficiently small such that the family of weights 
{h e } ee (o, ei ) is T-conditional pseudo-convex, in the sense of Definition [5]6j Condition (15.251) 
is clearly satisfied, since T(y) = 0. Condition 15.261 is also satisfied for e sufficiently small 
since D a y(po)~D a y(po) > C^ 1 , see (13.261) . To prove (I5.27P for some vector X we apply 
Lemma [O if |X a T a | + \X a ~D a y\ < c 2 |X|; if |X a T Q | + \X a ~D a y\ > c 2 \X\ then the second 
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(5.33) 



term in the right-hand side of ( 15. 27ft dominates the other terms, provided that e\ is 
sufficiently small. 

It follows from the Carleman estimates in Lemmas l5.7l andl 5.8l that there is e = e(S, A) > 
and a constant C = C(8, A) > 1 such that 

A||e- A/ ^|| L2 + He-^l^l || L2 < CA-^He-^ + C|| e -^T(0) \\ L ^ 

for any (p G C™(B € io(p )) and any A > C, where f t = ln(/i e +e e ). Let ?y : R — >• [0, 1] denote 
a smooth function supported in [1/2, oo) and equal to 1 in [3/4, oo). For i = 1, . . . ,1, 
j = 1, ... J we define, 

G\ = Gi ■ (l - r](N x °/e 20 )) =Gi-rj e 
E) = Hj ■ (1 - V (N Xo /e 20 )) = Hj ■ rf e . 



(5.34) 



Clearly, G\,Hj G C^°(5 e io(p ))- We would like to apply the inequalities in (15.331) to the 
functions Gf , ifj, and then let A — ► oo. 
Using the definition (I5.34p . we have 

n 8 Gt = VeO s Gi + 2B a GiB a 7] e + GiD s rj t ; 
T(Gl)=v t T(G i ) + T(?j t )G t ; 
7(H*)=rf e -Y(H j ) + H j -7(?f e ). 
Using the Carleman inequalities (I5.33p . for any i = 1, . . . , /, j = 1, . 
A ■ ||e- A/E • 7j e Gi\\ L 2 + || e - A/e ■ 7} e \dGi\ \\ L 2 
< C\- 1/2 ■ ||e- A/e ■ rfeDgGiWv, + C\\e- X ^ ■ ^T^)!^ 



J we have 



(5.35) 



+ C 



\e- Xf < ■ D a GiD a 7i e \\v + ||e- A/e • G^D^l + \d% 



and 



A i/ 2 || e -A/ E . ^ eH .\\ L2 < CA -i/2|| e -A/ e . jj e Y(Hj)\\ L 2 + C'\- 1/2 \\e-^ ■ H 3 \d%\\\ L 2, (5.36) 

for any A > C and some constant C = C'(A,C). Using the main identities ( 15.231) . in 
B e w (p ) we estimate pointwise 



m=l 



\D e Gi\ <MJ2 (\dGi\ + \Gi\) +Mj2\H n 
i=i 

i j 
\T(Gi)\ <Mj2\Gi\ + M J2\Hn 



(5.37) 



i=i 
i 



m=l 



|Y(#,)I < (\9Gi\ + |G,|) + M \ H m\, 



i=i 



m=l 



STATIONARY BLACK HOLES IN VACUUM 33 

for some large constant M. We add inequalities (15.351) and (15. 36ft over The key 
observation is that, in view of (15.371) . the main terms in the right-hand sides of (15.351) 
and (15.361) can be absorbed into the left-hand sides for A sufficiently large. Thus, for any 
A sufficiently large, 

/ / j 

A]T \\e- Xf %G t \\ L 2 + He-^iaGiHI^ + X^J^W^WIl* 

i=l i=l j=l 

J I 

< C"J2\\ e ' XfcH j\^e\\\^ + C"J2 [\\e- xf *T> a Gi-D a Ve\\v + We^G^n^ + \drj e \)\\ L 2]. 

j=l i=l 

We obseve that the functions O s ?j € and drj e are supported in the set {x G B e io(p ) : N po > 
e 20 /2} and rf € — 1 in B e ioo(p ). By assumption, the functions Gi, \dGi\,Hj are supported 
in {x G Bs(po) : y(x) > y(po)}- In addition, 

inf e~ Xfc > e x/c "' sup e~ A/e , 

B £ ioo(po) {x£B eW (p ):NP0>e 20 /2 and y{x)>y{p )} 

which follows easily from the definition (15.321) We let now A — > oo, as in [2U Section 8], 
to conclude that 1b 100 Gi = and 1b 100 Hj = 0. The lemma follows. 

6. Construction of the rotational Killing vector-field Z 

In this section we extend the rotational Killing vector-field Z constructed in a small 
neighborhood of So, see Proposition 15. 1[ to the entire exterior region E. In E U 0c we 
define 

Z = T + A K, 

where Ao is as in Proposition 15. 1[ Clearly Ao 7^ 0, in view of the assumption GR that T 
does not vanish in E, and Z does not vanish identically in E, since, by assumption SBS, 
T does not vanish identically on 5*0. It follows from (I5.3P that 

£ z g = 0, [T, Z] = [K, Z] = 0, Z^ = inEU0c. (6.1) 

As in the proof of (15. 6p . it follows that 

[Z, Y] = in E U E . (6.2) 

In view of Proposition 15. 1[ there is to > (£3 such that ^t ,z = Id in 0'. Clearly 

V s ,t(p) = ^s^toM = ^io,z^s, T (p) for any p G E H E and s G R, (6.3) 

using the commutation relation [T, Z] = 0. It follows that ^t ,z{p) = P for any p G E yo , 
recall definition (15.41) . To prove this identity for any point p G E, assume that 

*to,z(p) = V fo r any p G E Ro , 



11 Using the assumption that the orbits of T in E are complete and intersect S°, see assumption GR, 
it is easy to see that any smooth vector-field V in E U S which commutes with T and is tangent to 
Ti ± n 0c has complete orbits in E. 
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for some Rq > yo- As before, it follows that \?t 0l z(p) = V f° r an y P £ E/j . Using [Y, Z] = 
and an identity similar to (16.31) . it follows that 

*to,z(p) = P for any p G E fio+(5 ,, 

for some 5' = 5' (A) > 0. To summarize, we proved: 

Corollary 6.1. There is a nontrivial smooth vector-field Z in EU0 E , tangent to 7i + R0e 
and 7i~ R 0c, owd o reaZ number to > suc/i £/ia£ 

* t0jZ = Id, £ z g = 0, [T, Z] = 0, Z"^ = m E. 

6.1. The time- like span of the two Killing fields. We define the area function 

W/ = -g(T,T)g(Z,Z) + g(T,Z) 2 . 

In this subsection we show that W > in E. More precisely, we prove the following 
slightly stronger proposition: 

Proposition 6.2. The vector-field K constructed in Theorem \5.S\ does not vanish at any 
point in E. In addition, at any point pGE there is a timelike linear combination of the 
vector-fields T and K. 

Proof of Proposition \6.2 . In view of (15. 2p , K does not vanish at any point in U yo . It 
follows that K does not vanish at any point in E yo , since K is constructed as the solution 
of [T, K] = in E yo . 

To prove that K does not vanish at any point p G E we use the identity [K, Y] = in 
E, see ([51]). Let 

Ri = sup{i? G [yo, oo) : K does not vanish at any point in E^}. 

If Ri < oo then K has to vanish at some point p G 5^ (U^ ) (using the assumption that 
any orbit of T in E intersects Ei, and the observation that the set of points in E where 
K vanishes can only be a union of orbits of T). Since [K, Y] = in E, K vanishes on the 
integral curve j Po (t), \t\ <C 1, of the vector-field Y starting at the point po- However, this 
integral curve intersects the set E#/ for some R! < R\, in contradiction with the definition 
of R\. Thus K does not vanish at any point in E. 

We prove now the second part of the proposition. Let 

iV = {p G E : there is no timelike linear combination of T and K at p). 

Clearly, the set N is closed in E and consists of orbits of the vector-field T. In addition, 
JVCE\E W , since K itself is timelike in E yo (see (|53jl ). In view of (l424"j) and (I4TT3D we 
hzvey> (1 + y/1 - 4B)/2 + C 2 2 in E \ E yo . On the other hand g(T, T) = y/(y 2 + z 2 ) - 1, 
hence z 2 < y — y 2 = —(y 2 — y + B) + B in N. Consequently, for some constant C = 
C(A) > 1, 

y>(l + Vl -4B)/2 + C- 1 and B - z 2 > C' 1 in N, (6.4) 
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Consider now the set of vector-fields T, K as well as the gradient vector-fields Y = ~D a y~D ai 
Z = D a zD a at some point p £ N. Since T(cr) = K(er) = we have 

g(T, Y) = g(T, Z) = g(K, Y) = g(K, Z) = 0. 

In addition, using (1X261) . (ETIBjl . and (E3D 

g^y)^^ 1 , g(Z,Z)>5-\ |g(y,Z)|<cV/ 5 iniV, (6.5) 

for some constant C = C(A). Since the metric g is Lorentzian, it follows that the vectors 
T, K, Y, Z cannot be linearly independent at any point p £ iV (if they were linearly inde- 
pendent then the determinant of the matrix formed by the coefficients g(T, T), g(T, K), 
g(K,K) would have to be negative, in contradiction with p £ N). Since the triplets 
T, Y, Z and K, Y, Z are linearly independent it must follows that K, T are linearly depen- 
dent at points of N. Thus 

for any p e N there is a £ R such that K p = aT p and g(T, T)| p > 0. (6.6) 

We prove now that iV = 0. Assume that N ^ and let po denote a point in N such 
that y(po) = inf p6 7v yip)- Such a point exists since N R E x C Ei+u^c?)- 1 /* ( see (15-21) ) is 
compact (observe that T is timelike in for large R). We may assume that po £ iVnEi. 
In view of (16. 6p . there is a £ R such that K po — aoT Po = 0. We look at the integral 
curve {jpo(t) : \t\ <^ 1} of the vector field Y passing through p . Since [Y, K — a T] = 
and Y po ^ 0, it follows that K = aoT in the set 7 P0 (t), \t\ 1. Since Y(y) = g(Y,Y) is 
strictly positive at po (see (16. 5p ). it follows that y(7 Po (t)) < y(po) if t £ (— C _1 ,0). Since 
y(Po) — infpeNyip) (the definition of po), it follows that 

Nn{ lpo (t) :t £ (-C" 1 ,O)} = 0. 

Since K = a T in {j Po {t) : t £ (-C*- 1 ^)} it follows that g(T,T) < in {7 Po (t) : t £ 
(— C _1 ,0)}. Using the formula g(T, T) = y/(y 2 + z 2 ) — 1, it follows that the function 
y — y 2 — z 2 vanishes at p and is strictly negative on {7 Po (t) : t £ (— C _1 , 0)}. Thus 

Y(y -y 2 -z 2 )>0 at p . 

On the other hand, using (16. 5p and (16.41) . 

D a yB a (y -y 2 - z 2 ) = (1 - 2y)T> a yD a y - 2zV a yB a z < at p , 

provided that e is sufficiently small. This provides a contradiction. □ 

Appendix A. Asymptotic identities 

Recall, see assumption GR, that we assumed the existence of an open subset M^ end ^ 
of M which is diffeomorphic to R x ({x £ R 3 : \x\ > R}) for some R sufficiently large. 
In local coordinates {t, x 1 } defined by this diffeomorphism, we assume that T — d t and, 
with r = a/ (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 , 

2M 2S j x k 
g 00 = -l + + 0(r- 2 ), g ij = 6 ij + 0{r- 1 ), goi = -e ijk — — + 0( r - 3 ), (A.l) 
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for some M > 0, S\ S 2 , S 3 e R. Clearly, 



g 



.00 



l+O^r- 1 ), = 6 ij + 0(r- 1 ), g 0i = O(r- 2 ). 



We compute 



F af3 = B a Tf3 = <9 Q (g 0/3 ) - g(<9 , D 9a <9g) = -(<9 a g 0/3 - dpgoa)- 



Thus, using (IA.1I) . for j = 1, 2, 3, 



F 0j = -{l/2)d jSoo = Mx>r- 3 + 0(r- 3 ). 



We have 



goi = 2r~ 3 (S 3 x 2 
g 02 = 2r~ 3 (S 1 x 3 
g 03 = 2r~ 3 (S 2 x 1 



S 2 x 3 ) + 0(r- 3 ) 
S 3 x 1 ) + 0(r~ 3 ) 
SV) + 0(r~ 3 ). 



Thus 



F 12 = (l/2)(d lgo2 - 9 2g0 i) = 5 3 r- 3 - 3r- 5 a; 3 (5 1 x 1 + S 2 x 2 + S 3 x 3 ) + 0(r 
F 23 = (l/2)(9 2 g 03 - «9 3 g 02 ) = SV- 3 - 3r-V(£V + S 2 x 2 + S 3 x 3 ) + 0(r 
F 31 = (l/2)(9 3g0 i - <9 lgo3 ) = S 2 r~ 3 - 3r~V(SV + SV + SV) + 0(r 



Thus, using (H2D, dAZD, (HI), 

*F 01 = F 23 + 0(r- 4 ) = SV- 3 - 3r~V(SV + S 2 x 2 + S 3 x 3 ) + 0(r~ 4 ) 
*F 02 = F 31 + 0(r" 4 ) = S 2 r- 3 - 3r- Fj x 2 (S 1 x 1 + S 2 x 2 + S 3 x 3 ) + 0(r-- 4 ) 
*F 03 = F l2 + 0(r~ 4 ) = S 3 r- 3 - 3r~V(SV + S 2 x 2 + SV) + 0(r-- 4 ) 
*F 12 = -F 03 + 0(r- 3 ) = -Mx 3 r- 3 + 0(r- 3 ), 
*F 23 = -F m + 0{r- 3 ) = -Mx'r- 3 + 0( r - 3 ), 
*F 31 = -F 02 + 0{r- 3 ) = -Mx 2 r~ 3 + 0(r-- 3 ). 



We have 



*F a(3 = (1/2) e a ^„ FprgWg 



As a consequence, 



T 2 = (F af3 + i *F af3 )(F af3 + i *F a/3 ) = -4M 2 r" 4 + 0(r" 5 ). 



By definition, 



a^ = 2T a (F^ + i *F ail ). 
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Thus 

(T = 0; 

u x = 2Mx 1 r- 3 + 0{r~ 3 ) + 2i[S 1 r-- 3 - 3r _ V(SV + SV + SV) + 0(r~ 4 )]; 
<7 2 = 2MxV 3 + 0(r~ 3 ) + 2i[SV 3 - 3r~V(SV + S 2 x 2 + S 3 x 3 ) + 0(r" 4 )]; ^'^ 
a 3 = 2Mx 3 r~ 3 + 0(r~ 3 ) + 2i[S 3 r- 3 - 3r~ 5 :r 3 (,SV + S 2 x 2 + SV) + 0(r~% 
Thus 

(j=l- 2Mr- ! + 0{r' 2 ) + i[2r~ 3 (SV + SV + S 3 x 3 ) + 0{r' 3 )]. (A.10) 

Thus 

y + = (i - = m + 0(1) + , [ _ + 0(r-)] , 

which gives 

r Q 1 ^ 1 -I- QV 2 -I- Q3„3 

' / -, \ OX TJX TJX _i, /A-.-.X 

» = m + ' = 2M 2 r + ° (r } - (A - U) 

Thus, with J = [(S 1 ) 2 + (S 2 ) 2 + (S 3 ) 2 ] 1 / 2 , 

3 

3=1 

J'=l 

; [J 2 r - 2 _ r -4(sV + s 2 x 2 + 5V) 2 ] + 0(r- 3 ). 



4M 4 
It follows that 

^ 2 + 4M 2 (y 2 + z 2 )T> a zD»z = + S 2 x 2 + SV) 2 r^ 2 + r 2 D^D^ + O^" 1 ) 

7 2 

" +0(r- 1 ). 



AM 4 

(A.12) 
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